A '
ANALYSIS 11

1st YEAR BAI

Written by:‘ Vi
Roberta Claps more at: )
- ' astrabocconi.it



The Euclidean Seace R Clopolagy )

Q"aprﬁfo‘\‘pew
- fix.9) i Wp 34k

Q&

(ﬁiso.'ved‘or&:ocz »
(P = { 6t of ol pclamiofs of degree n3 which fas a neiteal eCemot O

C°'R) = [mﬂms fundion n one variable with dawain in R 3
g:‘\'prbdud\"- x~5-§‘x|5i the dot prodund of o vedors s a scofar
Wl a=0 U-ar=0

el = AZos : Clnonchu - Scinwore Tiequabily




Seaght Crew R® 1« (2,8,7)

x=t-a

L Ay y-t-p
(P T-expangion : awy Real nuamber eat-}
liﬂ.
/ x = %o +at
] ’P(P P-% =i‘-'jl'_ 5,3‘4-3:-
7 |/ T=fo+¥
’

Planes w R2

Pare owseng B (xe, Ye,2e) with diredtion ¥ (a.B,¥) @F’;}
P'n
o) R G0 A daight Gne
(e T g
W/ detijies o jamll of planes
*b.P("OS-'

PeTa=e (B-R) LT a=o (6-R)- L =0

PCR’ =(x,9,2) = 7fq;




A% - %) + B(Y-9.)+)(2-2) =0
AX+PY ¢ ¥ = AXo +BY* Yo
s——\’____/

@nean combiration

Exercse: T R® awd 6
Détermine the symantfeic &' of B with respect 1o .

t2ff) el  ypa1) g (4.-2,3)

7&“ /‘ / o kalysheo

fmo -—’

ate+t

xed+t- 4 ?-‘-zd-.

{5.-z+t -4 YO =9 3=3++¢ =o 44t-24t134t=>0; 2+3t=0, ta __g_
‘530*‘ X+3“'5‘°

H is readned df" time :
- Hf1.2;-2-2;3-2) bil wened &
3 3 3

*



Ry +Xg = &Xg=E

{’x. -3%Xg =G xgw! =o Tampossible =0 Hfese 3 pfones has

£Xy =10xg - WXy mO vo poils \n common
Exercise

4 -8 -]l |l©

4 =2 =4 3

2 =3 =\l =3

r-I i -3 -5 o] 3X+I Iﬁ. o -2 9 ) X1 ﬂasﬁgpiw\-
o

m-2TI o A 4|3 4 4 | 3 X2 has the pivet™
©o 4 4 |+3 —O—f  xs has ndv
+he scBi¥ion is a Cine thal depends on Xs since it Gas No pisst : X1=2X3 =9 ¢,
X2 t X3 =3
Seltc. represenition of o deaight Gne

X =J+2t aa o trsection betlueen two plunes
- Xg =3-%

7‘3=t

A



Exerdse

- -S-O
X - 3y -2 =0

x¢.¥'3- (=]
3;-&9*.&!:0

=Xg+Xg -2x8 =4
Kz = ¥a =0

(et :{:3'3)

X g0md Xa hos ho ploct

Homogencus

%y =%

Aa =

Xi
X2

xe =414 -27T -4

Xz-*
Xz =T

X, =7V

-1
0
o

o

+ X



The Cuclidean Spoce
Det produd: x,ye R

d
Xey = é‘xi-gg x.seR
propeiies - ?“f _____
- Koy myex |2 @xi+Byi)-ei=
~ Qnearity with resced o the fustoarble: (ax +by)ez = a(xe3) +b(Yez) - - - > Zaxizi + Zpviti =

- positive definite: XeX 20 oud X X =O i§f oud oy if x=0 alxe2)+ B(ye2), O

Heof: Xex=0a=p X=0

4=)Trividl. X =0 =0 ZXi‘Xi=0+0%+0=0

i
-) o=%x’( the oy way Yo cblain O frow positive sum s that xizo Virg,....d |

The reldtion with notm: Ixl=¥xex_

m-ﬁ;xg the room puvides the lndih of the arrow represewhing the vedkr

eveny obdfindt spoce provided by ou wner prsduct cou provide
=0 d(x,9)=1x=-9ll a noum thal® coun peide o ddfouce., /\
<&



O(na.ucAA.,j - Schwonz Inequalif3

[x eyl <nxulion

Prd 4he equolly 0cBls |§ oud o) i§ % cud y ore Greardy deperdend
/1/&’}" lx+9u* = (x+9)l°h(::;) zo
= Xo(x+9) +Ye(x+9) = Xex +x08 +Jex+9e9d =[xl +2(x.p) +191*
Ix+kgW®= fxn*+24(x-2) + £°001° = p (%)
humce, the eigh of Hhe discriminand” is gjoen 4 (x+8)’— allxi’IYV* £ ©
(x » 8)* < Ixu*nyu?

= (X8l caxuiivy
Mow Proving the aquality -

[Xe8] = 1x0U9N a=> x asd § oxe Gneard) depondedt . x =R-y

=o) A of p(1) =0 - 3 4 st. p(Ed)=0



P(g)-lx+t5|l"= O =0 5-.*._9_ Sso x ond y ore cofineax.

a=) |Ry-ul| =UIRoN-N9l  Direct Rook Graphicat®y

1 \ 9 agam R >0
[RI19ey| = [RI ROR* X

v 2
IKLABWE= RI0OU* O g =R% Reo
3

Congequerce : -As"“;:’“ga.\. offaned T defur  augs Liluen vedurs
I xi-19

x
A’ § = oo |:|:1|)

2 Yhe sp of asch augle \s wet expliat



/I;‘_iow«suear Ihequali(‘s
Ix+glU< Uxh +0u0
Ix+ 302 = (x+9)(x+Y) '-l= XeX +2(xe9)+ 8.9 =0x%2(x-y)+100°

\—W_—‘/
by linearity Cuxti+ 0 20)°

FandomedoR Topely of the notm

Jet x,9 € R? aud a€R . Then

~pesiliotly 1x0>0 oud AXI=0 d=® x=0 (‘I’\R.Mps. is gjven by pos . of dét produck )
— homegemety  13XN = BINXN  (psendo- homogentity )

= fdougle inequalily 15 +21 < axt+ag0

homoopraly prock: 1axt = A@x)e@x) = Ya2xex = [RIVKex = lalIxll

with QU4
homogerely =0 ‘re-scoling” s posaible /Mr I /\
2w g



'Pg‘hng:un%m
Coraidar tieo ool vedors x, geR‘(u e. x+y =0) Afem,

D x+90%= pxp% o

Dx+3U% e (x+8)o(x+8) = Xox+2(xe0)+ 88 =0 Ixli*+y20?

® vi(2.0,4), ;(-2,4,0), ¥3(4,-3,2) edges aud augles

va=lvi -vell =l(o, <, =
n=lvg-vi= l(z,-q 2)1 = .'JA
wrr =llG-vill=I(2,-3,4)0 = 44

a3l 3

@ shoight Bne n R passing by (2,4,-3) ; (What i R4 7
phone : ax+Yy-¥= b

S




cosfesion exgression of o plane :

® |x+y+e=0
ax+9+§=0
(n 1 o) L1 ]o
-2t poramdtor
2 11 |o (.;-»\14 o REN :

Ax+by tcg tdwr = ¢

of x + b*y +c*z +d*w=e*

x=0
y=-t
et



Oross TPodudk R%

n (Gis})
reowswe def. of AtA  with A € M(mxn) Ma-éa\,(-isfdd'(ﬂu)

v

i‘ e [ -

the det. of a 2x2 mdhix i the orea béfieen ! I Tn 3x3 it vepresads the vwBowe
the tiwo vedors columns i

1 V’ ~

déTA =0 § tuo coBumre are Jineordy Depondeuk

Grese Todust Defirition: R* (Xaﬂs‘ﬁ93>

Vi

X x) =f X3y, —XiYg
Xi Y2 = XeYs

we con express the

digjereck
Y 5 x - 2 %2 s8). = L Xe O " = % Y,
compheuts os délerminaanlis:  (xxY)y =det :’ ”) , (x=9), di\(x. 39) oand (X xy), dé\'( 3‘)

ﬁ"'”(ﬁ:?:%:)"’% )-ssa(in) (i 5) A

(x=x9)q (x x¥)a (x x9)s



w(a,2.8)
c(°&| A, “)

LT = det . ) - (_-5'.}_'4“‘&
- — XV

Bt produdt ® see wekher thay ore orifogono® or nst: A o (A x )
|

B~
-l
SpI~x

-

.3J
"

Te afixd of the ooss produdt s olways

4-56 +2¢-¥¥3.3=0

orifogerof o the cedora gamenivs. 4 L (gxar)

e (4xT) ) (ex2)
U

-4-6-%+64-8=0

example: €4 , Q¢

eix Se = et fgg)-i_-O-j_-Oi-&"-.el

(- B -



Clrosrocterisdkion of the Goss-Roduck
If x.y% €R® then

Feof

M (x,9,2) = (xxy)ex

A3 R %, X
oK - szl
Y 9 Y Ye Ys Y, Ys Y 9

M () 3-:.'3.1

- Xy Xa X3

Gpoméiivic. properties of the cross product 9% 9 Ys

* % xyis offfiogonal B btk x and Y
ellxxyl = Ixauyl [sin6)

eddr(x,9,%:8) 20 , § dA(x, ¥, xxW) 40 then (x,9,%xxY) b abasis wilh positive criewtation

Froof:
iy &
®©XxY w» \/-(dd' ;,‘,.,f.' aurea. of the basis - . A =0 JTUUX+IN = Owea of ¥We basis - YU
“ ‘51"* i
<
4hvey ore —_—— £ wo IX +¥YU = area of the basis C\/\

4ris ' e eqolity cose T e (xxY) = Ul x =Yl *
o the Schuors-TInequality



Sobedt in R% |, porticns RY
:M: rasulk of parsendikedtion
D= {(x9.0)€R®, st D AR (x(t), y) 2())]

7 oifpoX Hhrcugh o fonciion

O Suttcal®y’: D = {(x,9,3) €R> st. xezy-3e71}

Shapes = " e d=3
> OPoRBCN d=2
o Stoight Gres: p = B2 + Ao N/ /Ll" /
iR N> divedtion L
P“ /
o Panes :

if A>3 ..\j
£ n d=3 we describe om cbjed with 2 degree of freedom
with d>3 we have d-4 deg. of freedom




V.Rl W = [(x,g,z)e\/ st. x-og-ze-o3 basis S{(;'
z

VeR® W= [(x.929 eV sk x+y-2e-q=03 kss s, [[1\ (o) (2] [ o3 ass
l" I i— 1] O
° o |

o Circtes: Po= (%o, Yo )

E' (X ' 9)
dé.s\‘(P. %) = IE-E-I='I(X-x-)‘+ (9-%) =

D= [(x )R st. (x —Re)*+(Y-%) "= r*

D= {fo +rast, g +rsnt):teR}

()
N



ATIN
N

ow‘

2
o Gylinder

2 3
X
M

[(x9,8)e R (x- %)t +(3-90)"+ (2-w)% rt §

xt'ﬁ 3". rt

x-amk

—p vreshogig o Grawmference
Srb%*




* Cones
y= x| - (i?

=0 2=Mxt +9'  the rodt of the square is the abs.

us'l'm
Purﬂ' of The cone

Tous :  [2] = (E+92

2-x

f(x 9) l\l(t'-b‘ 9)(x*-2x+9)* %( x4t )

(-2)+(*-1)°

Wakiara? Doonain

-

e )
(L%)'}(S_.&)z*o Xx¢ 2 ey

(xt-tx -9)O%-2x49 )*2 6
= xb-2x 29 xi-2x 2-9

Xl porako
x:l 20 4 X>~-4 = SZ*N’L‘
X< 2




Taromekac Grwes m R?

(%,9) dendes the position of a pont n 2~dl _ 5= x(t)
IF the pomk i moring ,the position wif® depoud on tiwe E. s -- - 4 Y
3-9(") | . °
x@#)
oauuph: A dnghl: Gre —o positon chauges w8, Mh(xh-)-a«-m\'

% () = b+ mt

N p Y
aompk: Cirde 'S xzceat  te [o2r)
Y=ant

“The devivaioe of the position r(t) is the cebotty of the ponk ({h grogh ¥ @ves in R+ RxR?
“fhe poaition Gues i e codomain =0 the oree is the. Tan. st of £0O

DEF PRRANETRIC CURVE: @ew poitk xeR* of the codowain i§ 3 t st. x = ¥ ()

o Cortinuity oud oifforadiabily of ¥: A comveis cortrcus of o pank B =y () 1§ alh he coxdinale fumdions ceri .

@H CONTINVARG



Gdlghd(bm:

\f«n&w a mop feow a &&F o oudiRer
A——3BR
x——=y=§6> st gy!

A graph (Irdead) is o pofion of AxB

UBepe: Y= SnX R-R
w(f)= C-4,42¢R

.f'- ﬂ“—'p: fnm

T ($) = {LGB sk. 2 xcA ,f(‘x)-b}

=5
N/

&

rosRR(R)

x— W=fm=Ax — Imf) S R™ — 0¢ dm(mf) ¢ m

...‘N (o
plome

Coseing crigin

dliight Gine oresing the crigin



Deformive the tougadt 1 the Wmage of + - (14,£2)

k—o y) =(t*¢*)  cach componends ‘(‘,)"eC'(R) evony polyowiolcon b derved Wfinite Times

YO -, 3v) Pt

)' (*) =(2.6t) Y(o) = (z.o)
v = (0.6) @) (0

NéX cJimeor projedion s %9
m <&
$h x‘*g I
(‘.O) 3 2*' lf.\nid-d'a
s:x* 3
'k
—_< - \»m * %’*; - A = +\(X
e 3 o Y= A3 _.(3(;)3._1 )(‘2
3=—X I

fco

A



X+yYy =4

x wcos k % = cos®A ‘} Y =4-X
9:@* 9:5"\ A

! i
s

t'(—:zms:\unt , 2 wnkconk ) paflen for
1 WM
(o) =0
" X' m‘*
9 -gnt A K
(1.0) -» vt vegplor
i |
V':(3emthon £, Serttece ) Tnfledion pork
ISn*&r
No REGULAR = NO TRNGEAT {



Defuition: Regua Rty
I5 ¥'[te) ¢ 0 tham Y odwits Touor Expouvion

Y(osh) « g (&) hy'(6) + o

Hus | Imﬁ) s close B the Gne h"'Y(f-)oh‘Y‘(ﬁ) ths s ‘“\QW&!

Ths '& called regeéor pant "
/\D
Biregsbor: T§ Yh)#0 and T"(ts) ret whmar b () then r
Yo+ h) = q (&) hY'(t).@' %)+ o(h) —= oxwe rewalns

s ,in Hhe fraume (Y'Gb) , V'(s)) corcns ot y(ls) , Tm(¥) is close to +he parab. 3-@
Tofledion Rivie : +the case where Ji(6) coinen o I'(do)
Yy (ben) =) ('Nilf k) ¥ +’Y'(5) « o(h®)

|
X'(’r-)'\ 4 t(ﬂ"\‘ = T'ﬂb)(f\-«- !2_!'\)
2
\cém /ucam Y’ () com be writen as an expantion

Are Ton(¥) is com B e cunve X
§ V'(k)



Oninary Gusp T§ (%) =0 bt ¥"(6) aud 1¥(6) wit coivear

{'o +h-to
Yot h) = yl) e hprft)s B y" (6). o(R)
ordinary cusp
“Tre wnge is cieed to J ol I I
h— (% 5%)
(x-as’& daw ths Tanoge and shidy Ws orsp ['= (-3costhent , Ssmthcas k) ¥'(e) = (-3.0)
y=cos? X (l

Y« (+6contamt —3ePA | Gsinkeosth - 3sn?k)
Y (-6uvk +beah + Qethunk , busth-Rastedt - Asitccnt)
b )'"(9 ) =(0/6)

A

Y'(o) ond "(c) nét cclinear



“Taromdtac Tormm of Teor Coodivales in R?

X=rcs @ <
| (5:?"'\ 6 ’ &
| 3;P.“o
€a
4_» PCry,z)
T wouk B wedlfy 1 pesition — didlosce fzom arigin ]D-dioT(E.,O)
+9.an”6

T wad Yo wute %,Y.3 ‘u‘nth:f,e-,({

= T = oS 6 e[O,Z‘J o dowain
x =‘fmq pp @e Comd A= lozn)xlox]x [0, +)

y=p sny sn 0 pe Co,+ ) /\
4



gping back 13 e eghore: K(O,Q)
Fig. @+ (6. )

Fuaeg 0 7(3T, Q)




A e on the Jograuge vofie {Resem —» *f caftirass w (b)) - 0) - f) .f'Cc)
differaikiotie i (0.b) Do

oF w@b) = FB) -fC) = [ }&)dt
W m[0.b)

~ R= R* defrad g
B < (con® , 3nG)

kclozx3  yl0)= (s,0)= ¥(zx)
Hm-tel o Cho st yh)ao?

NO —o #espud is 4 cdfnily , mever 0

Gk ok ook comes componowk-oise.
Yo=cat ¢ C(coexd) ¥ ()=¥ Gr) 3k €lo2T st. ¥, (A)=07 ves

hrsint 3 telo2rd

“Toomels, indudivg ilagal ore
olwoys weakler Wou foomula
Mﬁhﬂbmm



Study the xlid cowe [x(i-) at-wat | tap

g('\') el-asd

descriting e mdfton of o peint o o craumforence that' mie withad™ crauling

3". (1-«*,*3\*) =0 —® k= R-2X Y @®=0
&x t=2zx  Yy(zw)=(ex,0)
7" = (ank, +cost) — T‘(n)-(o.d)

r‘:(coei. -tink) -» ¥*(2n) = (4,0) \"w““c&hw

x )
+here 80 ausp Jor evew eoldln ok ¥'(H) =0




Corcie. 8
J-d"y-[o.‘l".l-'k" be the porométuc cuve defined by

7= (ws(31) , sin(at)

0) Osing a ‘ongjormabion toyrg o obibin Tw(y) on U3¢, 7D from (o, %2J :

(cns 3(m-1), sin 2(w-t)) = ( con(anw-3¢) , sn(zn-2t)) = = 6 (R-3K%) = -cos(3k)
N
= (cos (R-2¢), ﬁn(-z*)) Ra
= (—con (ak) , - sin(24))
Y(E)-1E) o
= ¥(w-t) r(® : '(“;)
vE) codal eywmicy
¥(x-x)

b) Find the woies o 1[0, %] for which ' is poral2el to the Pouearitol o vertical axes

r‘.(:::) § v s BRe (:):o t snat-0 3t=nt  A.gw

i}Y'bﬁRc (:)’0—0 ces 2t =0 t‘*{.-‘-"} Ty

N 1 t=0 /\
\\\.‘ =1 *




Rlox Coordivotes

er &l =4
g" X-r@ X
y="r y=\ws0/eg el =4
"3(0) €re €9 = -8in0ccsd +eindccsd = O

€0 omd & ore athonomnalf basis
1) - (‘“"’ “‘°) - 1(0) ~g0)er

9@®)und o

Lo > er

=D Roparlies:-ereeg= O V820 ¢ ( You hedaiadie rondes the
-dcea Me'g'-er -~ c. Mm%.eo

- e -€g
“e) el %) leal e -“0)- -e
gs(“ e e -—r = €p 9 —i# Cr

T g: T = o, ter) gEC' we define y: T-R? Y-ger

TRow Yisfcoss C* md  7'=goregey ad 7'=(g'-g)er + 2y



Exercise 9
Fiod the mage of the folauing cumes , aseigned in polar fom r=g (@)

0) r=A circle
b)

re4-sn(29)
Y'=9er+98e =© NS

indepndeul’ =o 1tis aqual O W g=9'=0



Topctegy

Liowts: A sequsce m R*as auy
. - 4
disarétize. tiane fi.u R ecliection :-:
p-X eR’ 1
"G the pesition in R® wiich depauds on (_X_.\)
neN
Wﬂ: '
1) (.'.\asn,.lﬁum)““‘
x= coSn °
>
Y=i/sinn —ale
\bmgm\ha«jnﬁ
osnt i 4 | poreim
'./ Qe x
2 (im_-f- (2ot > 1 ~r
ned " /wedt Ll b =
” 2 & n-ofs
X = ee +he series
B {S‘G‘t)h T comprek mise oppxoch caveryes  (3,2%)



DEFNTon oF ConveRGRNCE
(B.)N“a--\uk sapanca fo geR‘ ¥ (Wn-at)yey comeges ® O

iy X
Q‘ R ../:____‘lxn-a| -“(&.Q)&R
Xn g a=o [Xn-a| —> O P "
dn suquonce f ves? nombers
GmY_\_n-CL
Tecewr ¥ 8§20 IN>0:VA>N Jxa-al £ €

¢

a posifion ofter which dn Wil rewain smaller thon €

C_OMPONENT BY COHPONENT :

ok

=>> Xn —» a =p %% —all -#0 MJ (=-a ¢ ... +x-ads...(xn-af =0

Xn cowegesto 0. Q==0 Ve {42 ..,4]4e seq. (W) ey comeges B o

Vi, . 4 |7‘-'-‘05‘='J(Xn.a-aa)'9 dé(ﬂ-lt)" <€
posstie \lf Vi %xi -»ai



4')\!(-'.-,4 %ni—> Qi then IXi-all —= O

| %ni -0i|l —©

:}-:/l o —=§ you square k& st g3 O
-1f T odd a
Zlm-aul'—- 0
(T
“hen e agt

M gi;“ml‘ -0 =0 %y -» Qn
Fopesition 2.4



Open aud Close Rafl

.« of A
XER cader of 4he taf@ @

closed bath : Be (X (1) the sghiere thatindudes the suface
Bexi) = [3 eR': ly-xer}

Be
“bpdagic Chnarodirisaion of the it
4o
N¥s -2l —o0

Ve>0IMHe:V¥n>Mg I Xn-allcE
_)5.634(045)

Open Balk Bo (xur) = {yeR:1y-xt1er ]

- —

7 N
/ \

I

\
N

|
/
/
= B



DeF: Lsiferior
V owy st n R*

Pis au inferior ponk of V If 3 e>oma B (P.€) &V
(35 2 oclosed ball cadnd ot P uwilh e st is closed and ol wgde V)

e cofedion of ok ilerier puinks mmalles the alerier of Hhe aet

Exercis
o)A={ (k.!s)&-Rt T xbey' s 4 and xt-g >o}
xt-g*>0 +‘.?:>g .
(x-3)(x+3) >0 »
X x 3{’\ -
~ if X>-4
\05*




o
u

& | 28 Tove this pant™(4,0) is net o ieterior ponk

[ Nle &

\\/" \\,\%‘LQ.L) pdang B (0 ,£) ada pak (4+4,0) =b wis beB (a.€)

x"~.‘1r/ = R2 luxland—:'y: 1 dﬁld&m-%
— s b A
4

cieide 4he imquably - didance of b from the arign (uf)"u
b) B=[xeR:xe®} B=¢



Exerase 4 T T cnasge the Ambiad T chauge the oy
a) € ={x¢R : x¢ 00,4003

€ - € « [xeR: xa (0,100}

| w Y
| =

om

)
/7
lo

b)F = {xeR?:xel0,0) ad y=0}

[ o disR | since. ymastbe =0 , F =g
F: == S v4 .
o . lo
F=¢ 50,
’ closed and open talls
Negborfeod 3 €20 st. [vyeR! 1x-s145 =e3eV] . Qre. negbaosk
(
N
Thecrom: Rupardias of Tirior \ (
sVev \\y_"m@uhd

o« 1f VSW then V SW
pRRx el i.e de>0 Be(x.£)eV
Vye B (x.e) = geV cw
Bxe)sW mp xald



VeVeV wikeducing SMBILMTY: closure
$
caure
uugxcvqao.wesw.s*mebuhx
(9")“ st. ye eV Vy aud 5-—ox [l9n-nll—s 0.
Rework hat ye T is nr necessarely o, pank of V.
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Ruetnat B, (0,4) =B.(0.4) axd B.(0,4) = B.(0.4)
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S ,B.(o.g) = Bg(ocﬁ)
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Exerdse ¥
F(x:9) = arcein (xy-y-2x)
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“Theorenn - PRoPERTIES OF CLOBURE
1)veV
) VSWinen VSW

ﬁ}b" -

STABLE UNDER THE URIT WITHOUT BENG INTERWR?

Bowdary: V£ R* we calh s (mobgical) bodorg fhe ot 2V = V\V
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«Plirterior ponk of Vi§ 3 €20 at. B(B,e)aV

U+ (ierior] ((orcre thou et PV ) GV
oP adoir §V i} Pis o whwior pank of the complewed P E (V‘)O-H\en P cV® and only srounded by pats €V©
- Bomdary ponk (naler werior, rorederior) LWLl nle. Plog) EVer nét V=T \V
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\.JOV—‘-R‘ 0s a onatker of fack AUAS = ambeut
AUT\?-M
o owrae (V=20 awd @) =(ve)
Rwiva: Vove=R*
® Vuve ¢ R* Hival

® R%cvov i
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doe XE V T wis tat x €VE
-33‘@,5)5(\/
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. L * Ddedity: V* = (V)¢
V=V opon =0 Ves (U)'EVE phance V° ie cloned
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B cR'| e xts pree}
Tind Iiterior bawdany ponk
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° 9B -f(x.g)cll‘l x+g*=4} v {0,03
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Exerdse 44
a) 3R =A\A
b) N CR +hat is the interior of IR i Wncludted in the iderior of &

R C R by dof. Hhe Werior is amerdionic. et the IncBison 1§ VW =0 U S0
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PROOF : Carfndiction, Jet' soy 0 #6 s 3 x€(R) @0 XEA =A L
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MV&AM:{Q‘ thon, ° s v
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DTEFINMONS". Bousded St
»Vis bounded if g cm fmd B(x r) ot Blx, M2V
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-1

{ is oundes since its image is 0 bourded. s i R
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THNRGRATON of fundiions m O voriable (N Piccao SFoILER)

the dowain of integration Du
-F(xg)dD W@ be om AREA In R? dot t

D dfjereiic? of e area dx-dy
dxdg &

Z {xi,90) (DR (BY)
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a b

b 4 » x
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Exoumple of Doomain thal™ sagpats bt
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X-9Y -1t 20; Y< X=~I
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Zimts and Corﬂ*(mig

}'- DLR* =R
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TRansFERENCE PRINCIPLE
“Thexem: SequeutioR Choroddiertedion of Hhe canuly

¥y, = () =1 (e)
Y :pis confinus ok R §

A
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TRaNsFERENCE PRINCIPLE z
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(xw)— (0,0) - x= Pecsl
gy~ fend
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I 3 S Gamdbing dating* =) °,,
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9=mx
T ous calcalofisg the Gt for It cirection
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|
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ol | - ﬂm;aa)_.!f(m¢m)l- £.G@®)
) e (ove) re o bounded
No L\N\“-'ﬁ(*&) - xe™™ 4, D=R? \ [x=0}
m X&) ssualy When gou remaie om edire ine
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x ={x,9)
YO = (xet) yfre  Y(H=(t,9.) x free
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bm Fa0)4ho)-f(18) _

h-0 N &«
1 4B 5R7

b (t-3M) e * & )-e"- &

W+0 f\

(cegny BT



Tather regarty .. dfferadiabat
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Vo of o fim Horta,0i)-f00) _
o t-0 * /\

Contiruity is wf impBed by the eisiome of the derwitipes 4+
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ﬁ_ F(x®.90) = b (10)- 2@ « £ (50)-4'0) + VF (¥18))- 7(6)
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the dowain of integration Du
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1
b e A / *

x e¥ _.J\e"dx = ¥(x-4) +e

b) T: [*x4,924 aud x+9 & §
Fieel : Undongiouding the shope of the damain

3
ﬂ (x+9)* B f(} (x+9)* )dx bl \
T 1 N

RN

3 N~ A

>

4=l =X 3

-" = + yre = s i~ ( 3
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Quadrofic Torms
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SURFACE INTEGRALS

Definition Surface integral of a scalar function.

Let

* S < RY be a surface defined parametrically by a smooth vector function:

P(1,0) = (x(u,v),y(u,v),2(u,0)), (u,v)¢ D,
where D « R?isa (plane) domain of variability of the parameters.

e f : R’ — R a continuous (scalar) function.

We define the surface integral of the scalar function f (x,y, z) over the surface:

F(x,y,2)dS = ” F@u, v)) ~%dud

MEANING T b ] i
1 \ r¢

sy ;l"
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